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From our general index theorem that characterises faithfully the boundary-bulk correspondence
of topological superconductors and insulators, we reveal rigorously that four topologically distinct
types of Majorana zero-modes can emerge at the ends of superconducting wires with various symme-
try classes. More intriguingly, we establish three exotic one-dimensional models that have different
types of topological charge of Majorana zero-modes, and disclose exactly the corresponding topo-
logical properties, which are respectively different from those of the Kitaev model because their
topological essences (i.e., the types of topological charge) are distinct. Moreover, we also address
their application in universal quantum manipulation, which is very promising for realising universal
topological quantum computation.
Recently, the realization of Majorana fermions(MFs)
[1, 2], who are their own anti-particles and usually obey
non-Abelian statistics, has attracted a lot of attention,
both theoretically[3–12] and experimentally[13–16], be-
cause of not only the novel physics but also its potential
applications for topological quantum computation[17–
23]. In particular, topologically protected Majorana zero-
modes residing at ends of topological superconductor
wires are of special interest, since they are point-like par-
ticles topologically stable against disorders and pertur-
bations. The relevant essence was elucidated by Kitaev,
i.e., how a nontrivial bulk topological configuration can
lead to unpaired Majorana zero-modes at two ends of the
superconducting wire[3, 4], not only through illustrating
a toy model of spinless p-wave superconductor but also,
more importantly, by establishing the topology-related
theoretical formalism. Inspired by the Kitaev’s pioneer-
ing work, various theoretical proposals and experimen-
tal endeavours have been made for realising and detect-
ing MFs in one-dimensional (1D) materials [5–10, 12–16],
making it very promising to first find MFs in 1D topo-
logical superconductors. However, these proposals are
almost focused on concrete 1D systems with a hidden as-
sumption that only one topological type of MFs, as that
in the Kitaev model, may exist even for the 1D models
with different symmetry classes. Here we reveal for the
first time that four topologically distinct types of Majo-
rana zero-modes can actually emerge at the ends of 1D
superconductors, based on a faithful quantitative corre-
spondence in a TI/TSC between the topological charge
of Fermi surfaces on the boundary and the topological
number in the bulk [24–28]. In particular, from a general
index theorem established by us [28], we construct three
exotic 1D models that have different types of topological
charge of Majorana zero-modes and study rigorously the
corresponding topological properties.
Let us first review briefly the bulk-boundary corre-
spondence. We recall that a set of complete classification
was obtained for strong topological insulators and su-
perconductors(TIs/TSCs) with the time-reversal symme-
try(TRS), particle-hole symmetry(PHS), or/and chiral
symmetry(CS), as illustrated in Tab.(I) in a right-to-left
manner [24–26, 28]. Then it is noted that the complete
classification of Fermi surfaces(FSs) was also achieved by
considering the same set of symmetries [27, 28], through
generalizing a primary topological charge of Fermi sur-
faces [29–31] as illustrated in Tab.(I) in a left-to-right
manner, and the one-to-one relation between the classifi-
cation of FSs and that of TIs/TSCs has also been clarified
rigorously as a dimension-shift relation [28]. Moreover, a
general index theorem describing quantitatively the topo-
logical boundary-bulk correspondence of TIs/TSCs was
established and proven [28, 32], which is written as
νL,R(d− 1, i) = ±N(d, i), (1)
where the lefthand side denotes the total topological
charge of FSs on the surface of a given TI/TSC and the
righthand side is the topological number of the bulk. It
is emphasised that the above general index theorem of
Eq.(1) also indicates the type of the topological charge
of FSs is the same as that of the bulk topological number.
Note that for a Z-type TI/TSC, the topological charges
of FSs at the left and right boundaries have the opposite
signs, while for a Z2 type one, the sign of a topologi-
cal charge plays no role. For d = 1, this general index
theorem suggests that the models may have the Majo-
rana zero-modes (FSs) with different topological origins
from that of the Kitaev model, making it possible for
us to have a new and deeper insight on all topological
types of Majorana zero-modes at ends of topological su-
perconducting wires, with exotic topological properties
and phenomena as well as applications being expected.
RESULTS
At this stage, we are ready to focus on our propose,
that is to investigate a series of special but very im-
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2FS AI BDI D DIII AII CII C CI TI
TSC
T +1 +1 0 -1 -1 -1 0 +1 T
C 0 +1 +1 +1 0 -1 -1 -1 C
S 0 1 0 1 0 1 0 1 S
p\i 1 2 3 4 5 6 7 8 i/d
0 0 Z Z
(1)
2 Z
(2)
2 0 2Z 0 0 1
1 0 0 Z Z
(1)
2 Z
(2)
2 0 2Z 0 2
2 0 0 0 Z Z
(1)
2 Z
(2)
2 0 2Z 3
TABLE I: Periodic Table of topological types for FSs [27]
and TIs/TSCs [24–26, 28]. d, p, and i denote the spatial
dimension of a TI/TSC, the codimension of an FS, and the
index of symmetry classes, respectively.
portant 1D TIs/TSCs listed in the first row of Tab.(I),
which is of both theoretical and practical interests. It is
seen clearly from Tab.(I) that for topologically nontriv-
ial classes in one dimension consisting of classes BDI, D,
DIII and CII, all have PHSs, which implies all nontrivial
cases may be realized by TSCs, and therefore the gap-
less modes at ends may be topologically protected Ma-
jorana zero-modes with different topological types. Re-
markably, through the general index theorem of Eq.(1),
we are now able to classify MFs according to the topologi-
cal types of their nontrivial topological charges/numbers.
We here construct the models for the other three non-
trivial classes, rather than the class D considered in the
pioneer work of Kitaev [3], and analyze their topolog-
ical properties and the topological structures of Majo-
rana zero-modes by using an analytical technique devel-
oped in [3], under the unified picture provided by the
general index theorem, Eq.(1). Models in all symmetry
classes can be constructed from a generic form in momen-
tum space, H = ∑ij fij(k)σi ⊗ τj , where f(k)s are even
or odd functions determined by the required symmetries
and σ and τ are Pauli matrices. Making comparisons
with the Kitaev model, it is found that these three mod-
els, although being unified with the Kitaev model by the
general index theorem, have their own special proper-
ties, most of which are essentially different from those of
the Kitaev model because of their different topological
essences. The special topology-related properties of each
model may be utilized to universally store and manip-
ulate quantum information beyond the existing models,
as we will discuss case by case. In addition, we also
note that although several models in classes DIII [8–11]
and BDI [12] have also been addressed, they are essen-
tially reminiscent of the Kitaev model, without their own
topological features being exposed, or are targeted to the
realisation in concrete materials, rather than exploring
the novel behaviours of the new Majorana zero-modes as
what we have done here.
DIII-model - Let us begin with a model in class DIII,
which has a TRS of minus sign and a PHS of positive
sign, and thus may have a Z
(2)
2 -type nontrivial topological
number, as seen in Tab.(I). Recall that the Kitaev model
is in class D with only a PHS of positive sign, and accord-
ingly it may have a Majorana zero-mode at each end that
protected by a Z
(1)
2 -type nontrivial topological number.
According to our general index theorem, the Majorana
zero-modes at the ends in class DIII should have a Z
(2)
2 -
type topological charge, in contrast to those of the Kitaev
model having a Z
(1)
2 -type topological charge. Just like
that of higher dimensions where the two Z2-type topo-
logical charges correspond to different configurations of
Fermi surfaces [27, 28], in contrast to that they are not
distinguished in earlier works [24–26], it is expected that
the Majorana zero-modes in the present DIII model are
essentially different from those in the Kitaev model. To
be explicit, the unique features of our DIII model are
listed as followings: (i) Our DIII model in its topologi-
cal phase has, at each end, two Majorana zero-modes of
orthogonal spin pairings as the eigen ones of σx, being
different from that in the Kitaev model where only one
spinless Majorana zero-mode resides at each end; (ii)
The ground-state degeneracy is four, two times of the
ground-state degeneracy of the Kitaev model; (iii) The
relatively rich diversity of this DIII model creates more
possibilities for quantum manipulation, such as quantum
information storage and processing. Most significantly,
this DIII model with one Majorana fermion being gener-
ated at each end is in a two-fold degenerate space, which
may be utilized as a physical qubit for universal quan-
tum manipulation, namely an arbitrarily given state can
be created by coupling the system to a weak effective
magnetic field. In contrast, only one quantum gate can
be realized with a conventional method using the two
copies of Kitaev modes through complicated braiding op-
erations [21, 22]. Furthermore, there exists no difficulty
in principle that a universal quantum computation can
be realized with additional braiding operations acting on
two copies of our DIII model, while for the Kitaev model
this is in principle impossible.
We now start to introduce our DIII model, whose
Hamiltonian reads
HDIII =
∑
j
[
−w
(
a†jaj+1 + a
†
j+1aj
)
− µ
(
a†jaj − 1
)]
−∆
∑
j
(
aj+1iσ1aj + a
†
j(−iσ1)a†j+1
)
=
∫
dk Ψ†k((−w cos k − µ/2)1⊗ τ3
−∆ sin kσ3 ⊗ τ1)Ψk, (2)
where w, µ and ∆ are all real, σi and τi are Pauli matri-
ces, Ψ†k = (a
†
k, a−k(−iσ2)), and the spin index is implicit.
From the expression of HDIII(k) after the second equal-
ity in Eq.(2), it is seen that model has a PHS with C = τ1
and a TRS with T = σ2 [33], which confirm that it is in
class DIII. The model may be viewed as a spin-triplet
3BdG model. According to Tab.(I), it may have a Z
(2)
2 -
type topological number. Postponing the calculation de-
tails in Methods, the regime of |w| > |µ/2| is identified
as the topological phase and the phase diagram of this
model is shown in Fig.(2). The non-trivial topological
number implies Majorana zero-modes of Z
(2)
2 -type topo-
logical charge at each end from our general index theorem
Eq.(1). So we are now going to look into these Majorana
zero-modes in detail.
As usual, the Majorana operators can be decomposed
as γ1js = e
i θ2 ajs+e
−i θ2 a†js and γ
2
js = (e
i θ2 ajs−e−i θ2 a†js)/i,
where γa with a = 1, 2 satisfy γ† = γ, and s is the spin
index. It is pinpointed that θ in the above decomposition
can be chosen arbitrarily, and is physically indistinguish-
able in our DIII model, in contrast to that the θ in the
Kitaev mode is related to the phase of the cooper-pairing
order-parameter. Since the existence of unpaired Majo-
rana zero-modes and their features are topologically in-
trinsic according to the general index theorem, Eq.(1),
to see the structure of these zero-modes it is sufficient to
solve the model exactly at one specific point in the topo-
logical phase, which is one of main contributions from
Kitaev [3, 4]. For simplicity, adopting the convention
that θ = pi/2, let us focus on the case w = ∆ and µ = 0
in the topological phase, where our DIII model (2) is re-
duced to HDIII =
∑
j iwγ
2
j,+γ
1
j+1,++
∑
j −iwγ1j,−γ2j+1,−,
where ‘±’ are two eigen spin pairings with respect to σx,
i.e., aj,+ =
1√
2
(aj,↑ + aj,↓) and aj,− = 1√2 (aj,↑ − aj,↓).
It is observed that γ2j,α and γ
1
j+1,α (with α = ±) can
pair together to form new electronic operators, a˜j,+ =
1
2 (γ
2
j,++iγ
1
j+1,+) and a˜j,− =
1
2 (γ
2
j+1,−+iγ
1
j,−), to fully di-
agonalize the Hamiltonian. The pairing pattern of Majo-
rana operators under the open-boundary condition is pic-
tured in Fig.(1). It is observed that γ11,+ and γ
2
N,+(with
N being the total number of sites) are unpaired without
entering the Hamiltonian at the two ends, and so are
γ21,− and γ
1
N,−. In other words, γ
1
1,+ and γ
2
1,− are Ma-
jorana zero-modes at the left end, while γ2N,+ and γ
1
N,−
are the ones at the right end. To compare with the Ki-
taev model of Z
(1)
2 -type, recall that only one Majorana
operator is unpaired at each end in its topological phase.
It is illuminating to view these Majorana zero-modes
according to the general index theorem (1). It is ob-
served that γ11,+ and γ
2
1,− together have nontrivial Z
(2)
2 -
type topological charge νL = 1 at the left end , mean-
while γ2N,+ and γ
1
N,− also have νR = 1 at the right end.
Since Majorana zero-modes at the two ends have the
same topological charge, they should be able to be de-
formed to each other continuously. As θ in our DIII
model can be arbitrarily chosen, it is seen that γ1j is
transformed to γ2j after rotating θ by pi in the general Ma-
jorana decomposition, confirming that Majorana zero-
modes at each end are indeed topologically equivalent in
agreement with their Z2 nature. For comparison with
the Z
(1)
2 -type Kitaev model, θ in the present DIII model
is an intrinsic freedom such that varying it keeps the
Hamiltonian invariant, while its variation in the Kitaev
mode changes the Hamiltonian explicitly in a topological
equivalent family.
This result is, although obtained at a specific point
in the topological phase, can be generalized to a generic
situation according to the topological protection. The
Majorana zero-mode represented by γ11,+, for instance, is
replaced by ΓL+ as a linear combination of Majorana op-
erators with real coefficients and ‘+’ spin pairing, and the
other three Majorana zero-modes are replaced by ΓL−, Γ
R
+
and ΓR−, respectively, in the same sense. For all of the four
combinations, their coefficients decay exponentially away
from the ends in the thermodynamic limit N −→∞. Be-
cause four Majorana operators do not enter the Hamil-
tonian, the ground state are four-fold degenerate with a
basis as {|ψ+1 ψ−1 〉, |ψ+0 ψ−1 〉, |ψ+1 ψ−0 〉, |ψ+0 ψ−0 〉}. The first
one has no Majorana fermion, the second and the third
one have one Majorana fermion at each end, and the
last one has two Majorana fermions at each end. Since
−iΓLαΓRα |ψα0,1〉 = ±|ψα0,1〉, it is straightforward to see that
the states of no Majorana fermion and of two Majorana
fermions at each end have the even fermionic parity, i.e.
the number of fermions is even, and the two states with
one Majorana at each end have the odd fermionic par-
ity. Also for comparison, we recall that the ground state
of the Kitaev model with one Majorana fermion at each
end has the even fermionic parity, while the ground state
without Majorana fermions has the odd fermionic par-
ity [3].
The ground space, spanned by |•〉 = |ψ+0 ψ−1 〉 and|×〉 =
|ψ+1 ψ−0 〉 with one Majorana fermion at each end, has odd
parity distinguishing it from the other ground states. Be-
cause of the orthogonal spin-pairings for |•〉 and |×〉, the
degeneracy may be broken by coupling the spin degree
of the DIII model to an external source, and therefore
the space can be regarded as a qubit whose any state is
achievable. Let us demonstrate this by coupling all elec-
tron spins to a very weak external magnetic field com-
pared with the bulk energy gap, i.e. H ′ =
∑
j 1/2B · σj
as perturbation. After detailed calculations in the elec-
tronic representation (see the section of Methods), we
have the low-energy effective results: 〈•|Sˆx|•〉 = 1/2,
〈×|Sˆx|×〉 = −1/2, 〈•|Sˆy,z|•〉 = 0, and 〈×|Sˆy,z|×〉 = 0
under the thermodynamic limit, with Sˆ =
∑
j 1/2σj .
An intuitive picture of this feature is obviously that the
MF states are wave pockets entering at the ends with
the specific spin orientations being the only degrees that
are sensitive to the external magnetic field, irrelevant to
the homogeneous bulk state. Thus as what the symbols
suggest, Sˆ may be effectively regarded as a single spin
operator acting on the two-level space with |•〉 and |×〉
being the two eigenstates of Sˆx. Thus through a suit-
able control of H ′(t) with H ′(t = 0) = H ′(t = tf ) = 0,
an arbitrary state can be created, leading to a universal
4FIG. 1: The Majorana repairing of the DIII model.
FIG. 2: Topological Phase Diagram. N iw>/<0 denotes the
topological number of each model in the ith class when w >
/ < 0 in a nontrivial region. Specifically, NDw>0 = N
D
w<0 = 1
mod 2, NBDIw>0 = −NBDIw<0 = 1, NDIIIw>0 = NDIIIw<0 = 1 mod 2,
and NCIIw>0 = −NCIIw<0 = −2.
single-qubit operation.
BDI-model - According to Tab.(I), in class BDI with a
TRS of minus sign and a PHS of plus sign, there may be
Z-type nontrivial systems. In this section we introduce
a nontrivial model of simple form, which shows essential
differences between Z-type systems and Z
(1,2)
2 -type ones.
The BDI model has two nontrivial topological phases cor-
responding to the bulk topological number N = ±1, in
contrast to Z
(1,2)
2 -types, for which 1 = −1 mod 2 in the
same topological phase. In the phase of N = 1, accord-
ing to our general index theorem (1), the model has a
Majorana zero-mode at its left end that has topological
charge νL = 1, and the other Majorana zero-mode at its
right end that has topological charge νR = −1. On the
other hand, in the phase of N = −1, reversely, νL = −1
and νR = 1. These predictions from the general index
theorem (1) are confirmed by our BDI model, where the
topological charges of Majorana zero-modes ν = ±1 are
identified as the two distinct Majorana operators decom-
posed from an electronic physical freedom, just like those
in DIII case without spin degree. We pinpoint that the
two phases are also distinguished by the fact that their
ground states are orthogonal to each other. It is inter-
esting to discuss the phase transition between the two
phases N = ±1. Firstly, after the transition from N = 1
to N = −1, the unpaired Majorana operators at the two
end are exchanged showing the exchange of topological
charges of Majorana zero-modes. Secondly, there is a
novel way to realize the phase transition without clos-
ing the spectrum gap, but through breaking the TRS,
so that the two phases are interpolated by a series of
models in class D with nontrivial Z
(1)
2 -type topological
number. In principle, we can construct BDI models with
large topological number N , and because it belongs to Z-
type, there are N unpaired Majorana operators at each
end without entering the Hamiltonian, corresponding to
2N -fold ground state degeneracy. These exotic features
provide more possibilities to store and process quantum
information, and might be utilized to realize topological
quantum computing.
The Hamiltonian of the BDI model reads
HBDI =
∑
j
(
−wa†jaj+1 + i∆ajaj+1
)
+ h.c.
−µ(a†jaj −
1
2
) (3)
=
∫
dk Ψ†k(−∆ sin kτ1 − (w cos k + µ/2)τ3)Ψk,
where ∆ is still real, aj are spinless, and therefore Ψk =
(ak, a
†
−k)
T . From the second equality, we read HBDI(k),
which has a TRS with T = τ3 and a PHS with C = τ2
corresponding to class BDI. According to Tab.(I), the
formula for Z-type topological number is used to calcu-
late the topological number in Methods, and the resulted
phase diagram is shown in Fig.(2). In topological phases,
i.e. |w| > |µ/2|, there exist Majorana zero-modes at two
ends, noting that now N = ±1 are distinguishable corre-
sponding to different topological phases. The Majorana
decompositions are adopted as γ1j = e
i θ2 aj + e
−i θ2 a†j and
γ2j = (e
i θ2 aj − e−i θ2 a†j)/i.
We start from investigating the Majorana zero-modes
when N = +1, and the representative point in the topo-
logical phase is chosen as w = ∆ > 0 and µ = 0,
which is exactly solvable. Through fixing θ = pi/2
in the Majorana decompositions, we reduce the Hamil-
tonian as HBDI =
∑
j iwγ
2
j γ
1
j+1, which can be fully
diagonalized by using the repaired electronic operator
a˜j =
1
2 (γ
2
j + iγ
1
j+1). It is observed that γ
1
1 and γ
2
N do not
enter the Hamiltonian, serving as Majorana zero-modes
at two ends. According to the general index theorem (1),
we assign Z-type topological charge νL[c
′1
1 ] = +1 and
νR[c
′2
N ] = −1 for the two zero-modes at two ends, respec-
tively, with ‘′’ indicating that θ = pi/2 in the Majorana
decompositions.
The simple case corresponding to the topological phase
with N = −1 is w = −∆ > 0 and µ = 0. We can still
simplify the Hamiltonian by using the Majorana decom-
positions, but in this case fixing θ = −pi/2. In this phase,
similarly γ′′11 and γ
′′2
N are Majorana zero-modes at two
ends with ‘′′’ noting that θ = −pi/2 different from that
in the phase N = +1. The general index theorem (1)
implies that νL[γ
′′1
1 ] = −1 and νR[γ′′2N ] = 1. It is direct
to check that γ′′1j = γ
′2
j and γ
′′2
j = −γ′1j , which conforms
to our general index theorem.
We proceed to address the topological phase transition
between N = ±1 in our BDI model. If the Hamiltonian is
restricted to be in class BDI, the phase transition always
implies gap closing in the bulk spectrum, because the two
5FIG. 3: Phase transition of the BDI model.
phases corresponds to distinct topological classes. This
can be realized through, for instance, continuously vary-
ing ∆ or w from being positive to negative, where ∆ = 0
or w = 0 corresponds to transition point with gap closing.
However, there exists another way to realize the topolog-
ical phase transition through breaking the TRS, an anti-
unitary symmetry, without closing the gap in the bulk,
which is essentially different from ordinary phase transi-
tions breaking a unitary continuous symmetry (O(3) in
a magnet for instance) in Landau’s paradigm. We can
break the TRS with T = τ3 to make the system in class
D by varying ∆ to be complex, namely replacing i∆ in
Eq.(3) by |∆|eiθ. Then θ = ±pi/2 correspond to the
two topological phases of N = ±1, respectively, and the
two phases can be connected by continuously varying θ
from pi/2 to −pi/2 with |∆| fixed. The two ways for phase
transition are illustrated in Fig.(3). Furthermore, we pin-
point that during the process of varying θ, the system is
protected by a nontrivial Z
(1)
2 -type topology, while only
when θ = ±pi/2 the Z-type topological protection is re-
covered, noting that when ∆ is complex, our BDI model
is just the Kitaev model [3]. To see the distinction of the
two phases clearly, it is noted that the ground states of
the two phases under open-boundary condition are or-
thogonal to each other in the thermodynamic limit (see
Methods), which is expressed as 〈ψα, 1|ψβ ,−1〉 = 0 with
|ψα,±1〉 being a generic ground state for N = ±1.
CII model - Let us introduce an exotic model in class
CII, which has Z-type topological number N = ±2 in
its topological phases. With the experience from the
two models already demonstrated, we just brief the main
points. The Hamiltonian is
HCII =
∑
j
(−∆a†j+1iσ2aj + wa†j+1iσ2a†j
−µa†jiσ2a†j) + h.c.
=
∫
dk Ψ†k(−∆ sin kσ2 ⊗ τ3
+(w cos k − µ)1⊗ τ1)Ψk, (4)
where still ∆ and w are real, and Ψk is the same as that
of the DIII model (2). The HCII(k) read from the sec-
ond equality has a TRS with T = σ2 ⊗ 1 and a PHS
with C = 1⊗ τ2. Although the exotic form of the Hamil-
tonian with special spin-pairings, it may be simulated
by various artificial systems. Straightforward calcula-
tion using the corresponding Z-type formula shows it
FIG. 4: The Majorana repairings of the CII model.
has topological number N = ±2 when |w| > |µ/2| as
in Fig(2), consistent with 2Z in Tab.(I). To see the form
of the topologically protected Majorana zero-modes at
two ends, when w = ∆ > 0 and µ = 0 corresponding
to N = 2, we adopt the Majorana decompositions of the
DIII model with θ = 0, and simplify the CII model (4)
as HCII =
∑
j iwγ
2
j↓γ
1
j+1↑ −
∑
j iwγ
2
j↑γ
1
j+1↓, which may
be viewed as two copies of the simplified BDI model.
The Hamiltonian can be fully diagonalized by introduc-
ing a˜j =
1
2 (γ
2
j↓+ iγ
1
j+1↑) and b˜j =
1
2 (γ
2
j↑+ iγ
1
j+1↓), which
is illustrated in Fig.(4). For the left end, γ11↑ and γ
1
1↓ serve
as Majorana zero-modes, each having Z-type topological
charge νL[γ
1
↑,↓] = 1, and accordingly for the right end
νR[γ
2
↑,↓] = −1, which follows the general index theorem
(1). Consistent topological charges of Majorana zero-
modes can be assigned for the other topological phase
N = −2. Note that the explanation of the CII model by
the general index theorem is entirely parallel to that of
the BDI model, since they both belong to Z-type. Al-
though similar to two copies of the BDI model, however
we underline that there does not exist a way to connect
the two topological phases of the CII model, since break-
ing either the TRS or PHS makes the topology trivial
according to Tab.(I).
METHODS
Topological numbers- The DIII model is of the
Z
(2)
2 topological type, and therefore a two-parameter
symmetry-preserving extension of HDIII , Eq.(2), should
be made below to calculate its topological number [28]:
HDIII(k, θ, φ) = [H(k) cos θ + sin θ1⊗ τ2] cosφ
+ sinφσ1 ⊗ τ1
= (w cos k + µ) cos θ cosφ1⊗ τ3
+ sin k cos θ cosφσ3 ⊗ τ1
+ sin θ cosφ1⊗ τ2 + sinφσ1 ⊗ τ1.
In the calculation, the following formula has been used:
NDIII =
1
48pi2
∫ 2pi
0
dk
∫ pi
2
−pi2
dθ
∫ pi
2
−pi2
dφ µνλ
×tr [σ2 ⊗ τ1H−1∂µHH−1∂νHH−1∂λH] .
The BDI model and the CII model are both belong to
the Z type, and therefore their corresponding formulae
6are respectively [28]
NBDI =
1
4pii
∫ pi
−pi
dk tr
(
τ2H−1(k)∂kH(k)
)
.
and
NCII =
1
4pii
∫ pi
−pi
dk tr
(
σ2 ⊗ τ2H−1(k)∂kH(k)
)
.
The results obtained from the above three formulae are
illustrated in the phase diagram, Fig(2).
Orthogonality in BDI - We first solve the ground states
of the BDI model exactly in the electronic representation
when w = |∆| > 0 and µ for a generic θ and then compare
the ground states of θ = pi/2 and θ = −pi/2. The explicit
expressions of the two degenerate ground states are
|ψ0〉 =
[N/2]∑
n=0
∑
s1<···<s2n
e−inθa†s1a
†
s2 · · · a†s2n |0〉
and
|ψ1〉 =
[(N−1)/2]∑
n=0
∑
s1<···<s2n+1
e−i(n−1)θa†s1a
†
s2 · · · a†s2n+1 |0〉,
where ‘[r]’ is the integer part of the real number r, |ψ0〉
with even parity has a pair of MFs at the two ends and
|ψ1〉 with odd parity has no MFs. The inner products of
ground states for N = ±1 are computed as
〈ψ0, 1|ψ0,−1〉 = C
0
N − C2N + C4N − · · ·
C0N + C
2
N + C
4
N + · · ·
−→ 0
and
〈ψ1, 1|ψ1,−1〉 = C
1
N − C3N + C5N − · · ·
C1N + C
3
N + C
5
N + · · ·
−→ 0,
where ‘−→’ denotes thermodynamic limit N →∞. It is
obvious that 〈ψ1|ψ0〉 = 0.
Response of DIII - Using the above expressions of |ψ0〉
and |ψ1〉, the explicit expressions of the four degenerate
ground states of the DIII model can also be constructed.
Thus every element of the perturbation matrix Sˆ can
be computed directly. Here we only present the most
important steps:
δE/B = 〈ψ−0 ψ+1 |
∑
j
σ1j |ψ−0 ψ+1 〉 − 〈ψ+0 ψ−1 |
∑
j
σ1j |ψ+0 ψ+1 〉
=
1∑{[(L−1)/2],[L/2]}
{m=0,n=0} C
2m+1
L C
2n
L[ [L/2]∑
m
[(L−1)/2]∑
n
(−2m+ 2n+ 1)C2mL C2n+1L
−
[L/2]∑
n
[(L−1)/2]∑
m
(−2m− 1 + 2n)C2m+1L C2nL
]
= 2 +
4
∑[L/2]
m
∑[(L−1)/2]
n (n−m)C2mL C2n+1L∑{[(L−1)/2],[L/2]}
{m=0,n=0} C
2m+1
L C
2n
L
In the thermodynamic limit, the second term in the last
equality vanishes, and thus we have δE/B = 2. This
justifies 〈•|Sˆx|•〉 = 1/2 and 〈×|Sˆx|×〉 = −1/2, and the
other two matrix elements can be obtained similarly.
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